One of the main problems in Seiberg-Witten theory is to find (SW)-basic classes and their invariants for a given smooth 4-manifold. The rational blow-down procedure introduced by Fintushel and Stern is one way to compute these invariants for some smooth 4-manifolds. In this paper, we extend their results to the general case. That is, we find (SW)-basic classes and Seiberg-Witten invariants for generalised rational blow-down 4-manifolds by using index computations.
INTRODUCTION
As gauge theory (Donaldson theory and Seiberg-Witten theory) is developed, the fundamental problem in this area is to find its invariants for a given smooth 4-manifold.
In 1993, Fintushel and Stern introduced a surgical procedure, called rational blowdown, to compute the Donaldson series for simply connected regular elliptic surfaces with multiple fibres of relatively prime orders. 'Rational blow-down' means that if a smooth 4-manifold X contains a certain configuration C p of transversally intersecting 2-spheres whose boundary is Lyp , 1 -p) , then one can construct a new smooth 4-manifold X p from X by replacing C p with a rational ball B p .
In fact, Casson and Harer [2] showed that for any pair of relatively prime integers p and q, L(p 2 ,1 -pq) bounds a rational ball B Ptq . Hence one can extend this rational blow-down procedure to the general case, that is, whenever a smooth 4-manifold X contains a certain configuration C Pi9 of transversally intersecting 2-spheres whose boundary is L(p 2 ,1 -pq) , one can always construct a new smooth 4-manifold X PiR by replacing C Pl q with a rational ball B p>q .
For the q = 1 case, Fintushel and Stern initially computed the Donaldson series of X p = -Xp,i from the Donaldson series of X, and later they computed the SeibergWitten invariants of X p [5] . In Section 3 of this paper we extend these results to the general case. Explicitly, we prove the following theorem by using index computations: All known configurations C p<q satisfy this condition.
T H E TOPOLOGY OF RATIONAL BLOW-DOWNS
In this section we describe topological aspects and several examples of rational blow-down 4-manifolds. For any relatively prime integers p and q with 1 ^ q < p, we define a configuration C p<q as a smooth 4-manifold obtained by plumbing disk bundles over the 2-sphere instructed by the following linear diagram
is a unique continued linear fraction with all b t ^ 2, and each vertex Ui represents a disk bundle over the 2-sphere whose Euler number is -6;. Then the configuration C Pt q has the following properties:
Seibert-Witten invariants 365 3. The plumbing matrix for C Ptq with respect to the basis is given by the symmetric k x k matrix [5] Seibert-Witten invariants Now we define the rational blow-down procedure: Suppose X is a smooth 4-manifold which contains a configuration C p^q for some relatively prime integers p and q. We construct a new smooth 4-manifold X p<q , called the rational blow-down of X, by replacing C Pi9 with the rational ball B p<q (Figure 1 ). We call this procedure a '(generalised) rational blow-down'. Note that this procedure is well defined, that is, X Pt q is uniquely constructed (up to diffeomorphism) from X because each diffeomorphism of dB p^q = L(p 2 ,l -pq) extends over the rational ball B pq by the same argument as in [5 
= 3(a{X) + k) + 2(e(X) -k)
where a(X) is the signature of X and e(X) is the Euler characteristic of X. D
Here are several configurations C PiQ that will be used later.
CASE q = 1. This case is studied in [5] , whose configuration C p ,i is
Fintushel and Stern used this configuration to show that the rational blow-down of CASE p = kq -1 (k,q ^ 2). We assume q ^ 3 (the q = 2 case is also obtained in a similar way). The configuration C p<q is given by which can be embedded in j(k + q -2)CP by choosing where each e, (1 ^ i ^ k + q -2) is the exceptional divisor in |(fc + q -2)CP . Furthermore, by using Lemma 2.1, we get its boundary values
which imply that Ck q -i,q satisfies the condition (*) mentioned in the introduction.
THEOREM 2 . 1 . For a n y integers k a n d q (k,q~^2), there is an embedding 2
Ckq-\,q C E(n)j(k + q -2)CP such that the rational blow-down is diffeomorphic to E(n;kq-1).
PROOF: Consider the homology class / of the fibre in E(n) which can be represented by an immersed 2-sphere with one positive double point and self-intersection 0 (a nodal fibre). Blow up this double point so that / -2e\ (ej is the exceptional divisor) is represented by an embedded sphere. Since e\ intersects / -2e\ at two positive points, blow up one of these points again. By continuing in this way, we get a con- Here are a few remarks on this theorem: 1. The theorem implies that there are many ways to obtain E(n; p), p-log transform on E(n), from E(n) via a rational blow-down procedure; so one can choose an 'economical' way to get E(n;p). For example, E(n, 11) is diffeomorphic to the rational blowdown of Cn,i C £(n)|jlOCP 2 , of Cii, 2 C £(rc)tl6CP 2 , and of C n , 3 C £(n)J!5CP 2 .
2. One expects that for any relative prime integers p and q, there is an embedding 2 C p , in jB(n)j)A;CP , for some k 6 Z, such that the rational blow-down is diffeomorphic to E{n;p). 3. The key ingredient in the proof of the theorem is to find such a configuration
2
Ck q -\,q-We chose U{ exactly the same as u; embedded in $(k + q -2 ) C P except , -3 = / -2e x -e 2 e q -i (u fc _i = / -2ei -e 2 , if 9 = 2) J. Park [8] Let X be an oriented, closed Riemannian 4-manifold, and let L be a characteristic line bundle on X, that is, c\(L) is an integral lift of W2(X). This determines a Spin cstructure on X. We denote the associated C/(2)-bundles by is homotopy equivalent to CP°° . Since the set of solutions is invariant under the action, it induces an orbit space, called the
where cr(X) is the signature of X and e(X) is the Euler characteristic of X. (2) 
DEFINITION: A solution (A,^) of the Seiberg-Witten equation
consists of reducible solutions. The technical part in the rest of this section is to show that dimMB p q (L\B P q ) = -1 and dim M C p,,(i|cp,J < -1 , so that both M Bpq (l>|s Pi ,) and M Cpi , (L|c p ,,) consist of a single reducible solution. Before doing this, as a warm-up, we can get a well-known blow-up formula [4] for Seiberg-Witten invariants by using index computations. PROOF: There exist integers r and s satisfying rp + sq = 1; so z' p * = z stpqk .
Thus it suffices to show
Given t £ Z and setting w = z vq~x ,
Hence the lemma follows by induction on t.
LEMMA 3 . 2 . For relatively prime integers p and q, and z = e^2
Note that this lemma can also be proved by using a different method [7] .
PROOF: An easy computation shows that available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700031154
[13]
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Note that for 0 < t ^ p -1 and w = z p , 
Combining these computations we get ind \DA\ R + 1 = 0 . D > ti \XQ; L) ® n \D P q ;L) 
where ( 
Then L has the desired properties except (possibly) characteristic, that is, if p is odd, then L is automatically a characteristic line bundle on X, so we are done. If p is even, we can change L (see below) so that L is characteristic on X satisfying the same properties. 
EXAMPLES
In this section we apply the result of the previous section to several examples of rational blow-downs. We compute the Seiberg-Witten invariants of a manifold constructed from E(n) via blowing up and rationally blowing down. By using boundary values (see equation (1) 
Since L\c Pi , is characteristic, the condition d(L\c p^) = 0 (mod p) in Theorem Note that an elliptic surface E(q + 2), as a genus q + 1 Lefschetz fibration, can be constructed as follows:
E(q + 2 ) S Q U s(2 , 2g+3i4<?+ 5) C(2,2g + 3)tf E C(2,2q + 3) U s(2 , 2g+3 ,4 q +5) Q where C(2, 2q + 3) is a blow-up of the manifold obtained from +1 surgery on the (2,2<7 + 3) torus knot and E is an embedded surface of genus q+1 and self-intersection 0 in C(2,2g + 3).) By blowing up the double point of a nodal fibre / in E(q + 2) and a regular point in s 3 , we have a configuration C^-i , , C X such that Uq+2 -f -2ei, u 3 = s 3 -e 2 and Uj = Sj, z ^ 3, g + 2.
Since the SW-basic classes of X have the form L = kf + eid + e 2 e 2 {\k\ ^ q, k = q (mod 2) and e { = ±1) this example satisfies the hypothesis of the Proposition 4.1 above. It follows that X pq has one basic class L = qf + e\ + e 2 (up to sign) with c\ (X) = q. Hence X pq is a SW-simple type irreducible smooth 4-manifold lying in c\ = x -2 which has one basic class and cannot admit a complex structure. EXAMPLE 3. (p-log transform) As we see in [5] (or Theorem 2.1), E(n;p) is obtained by blowing up and rational blow-down from E(n), so that the Seiberg-Witten invariants of E(n;p) can be computed explicitly as the same way as in Example 1: THEOREM 4 . 1 . ( [5] .) The Seiberg-Witten invariants of E(n;p) are SW E{n , p) -SW E(n) where f p is a multiple fibre obtained by p-log transform on E{n).
Furthermore, by extending the notion of 'p-log transform' to any smooth 4-manifold containing a cusp neighbourhood, we extend this result. 
